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The aim of this note is to prove that every non characteristically nilpotent 
filiform algebra is provided with an affine structure. We generalize this result 
to the class of nilptent algebras whose derived algebra admits non singular 
derivation. 

1 Affine structures on Lie algebras 

Definition 1.1 An affine connexion on a manifold M is a law V which gives 
for every vectorfield X an endomorphism Vx of V 1 (M) the space of vectorfiels 
on M satisfying the two conditions 

(1) Vfx+gY = /Vx+.9Vy; 

(2) Vx(fY) = fV x (Y) + (Xf)Y 

for f,geC°°{M), X,Y GV 1 {M). 

If M is an Lie group G, then the affine connexion V is called left invariant 
if the connexion V given by 

VxCH = (v x *(r*))* _1 x,Yev 1 {M) 

satisfies 

V = V 

for every left tanslation $. It is equivallcnt to say that the left translations are 
affine mapping on the affine Lie group (G, V). 

Definition 1.2 The torsion of the affine connexion V is the tensor T defined 
by 

T(X, Y) = V X {Y) - V Y (X) - [X, Y] 
The curvature of V is given by the tensor G defined by 

C{X,Y) = VxVy - VyVx - V[X,Y] 
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In this work we consider the left invariant connection satisfying T = 0, C = 0. 

Let g be the Lie algebra of the affine group G. As the operator V is left 
invariant, it inducces a mapping, always noted V : 

V : ® -> g. 

If we put X.Y = V x Y for every X, Y e (g), then the condition on the curvature 
and torsion imply that this product satisfies : 

l)X. (Y.Z) - Y. (X.Z) = (X.Y) .Z - (Y.X) .Z 

2)X.Y - Y.X = [X, Y] 

for every X,Y,Zeg . 

Definition 1.3 A such operator V on the Lie algebra g is called an affine struc- 
ture on 0. 

2 Affine structure on nilpotent Lie algebras 

The problem of existence of affine structures on nilpotent Lie algebras has been 
put by John Milnor. Recently, Benoist has proposed examples of 11-dimensional 
nilpotent Lie algebras which are not endowed with such structure. These Lie 
algebras have the following structure 
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Classical examples 

1. Dimensions less than 7 

Every Lie nilpotent Lie algebras of dimension less or equal to 7 admits an 
affine structure. 
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2. Symplectic Lie algebras 

Let g a 2p-dimensional Lie algebra endowed to a symplectic form 6 6 A 2 g*. 
It satisfies d6 = where 

d0(X, Y, Z) = 6(X, [Y, Z\) + 0(Y, [Z, X]) + 6(Z, [X, Y]). 

For every X G g let f{X) be defined by 

%dx(y),z) = -0(y,/(x)(z)). 

Then V xY = f(X)(Y) is an affine structure Q. 

3. Lie algebras admitting a regular derivation 

Such an algebra is necessary nilpotent. More there exists a diagonalizable 
regular derivation. Let / be such derivation. For every legwc put 

Vx =.r 1 oadXof. 

Then 

VxY-VyX = f-\[XJ(Y)]-[Y,f(X)}) 

= /-va*,^])) 
= [x,n 

We have also 

VxVy - VyVx = .r 1 o adX ofo /" x o arfy o / 
-J" 1 o adY o / o f- 1 o arfX o / 

= V[x,r]- 

This operator V defines an affine structure on g. 



3 Non characteristically filiform algebra 

Recall that a Lie algebra is called characteristically nilpotent is every derivation 
is nilpotent. Examining the counter examples of Bcnoist and Burde we the 
following conjecture becomes natural: 

Conjecture [Kh] Every nilpotent Lie algebra which doest not admit affine 
structure is characteristically nilpotent. 

Of course, the converse is false. There exist seven dimensional characteristi- 
cally nilpotent Lie algebras and these algebras have affine structures. 

The aim of this section is to prove the following result : 

Theorem 3.1 Every filiform non characteristically nilpotent Lie algebra admits 
an affine structure 
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Proof. A n-dimcnsional nilpotcnt Lie algebra is called filiform if the central 
descending sequence satisfies : 

Q D C l Q D ■ ■ ■ D C n - 2 Q D {0} = C n_1 fl 

and we have 

dimC 1 ^ = n — 2, 

dim C J g = n — i — 1, i = l, ■■■,n — 1. 

For a non characteristically nilpotent Lie algebra g, let us call rank of g the 
dimension of a maximal exterior torus of derivations (a maximal abelian sub- 
algebra of Der(g) of which elements are semi-simple derivations). We have the 
following results [G.K]: 

1. If the Lie algebra q is filiform, its rank r(g) satisfies 

r(s) < 2- 

2. Every filiform Lie algebras of rank 2 is isomorphic to L n or Q n . where L n 
and Q n are the n-dimensional filiform Lie algebras defined by 

L n :{[Y 1 ,Y j ]=Y 1+j , j = 2,...,n-l 

Qn ~\ K,y„_ l+1 ] = (-ir+ 1 r„, i = 2,..., P n - Zp - 

For each Lie algebra, a maximal exterior torus is precisely determined. 
If = L n , there exists a torus generated by the diagonal derivations : 

/i(Yi)=0, fi(Yi)=Yi, 2<i<n 

h{Yi)=Y 1 , f 2 (Yi)=iYi, 2<i<n 

the basis {Y{\ being as above. 

If q = Q n , the basis {Y^} is not a basis of eigenvectors for a diagonalizable 
derivation. We can consider the new basis given by 

Z\ = Y\ — Y-2, Z2 = Y2, Z n = Y n 

This basis satisfies 

[Z u Zj] = Z 1+j , j = 2, ...,n - 2, [Zi, Z n - t +i] = {-l) l+1 Z n , i = 2, n/2 
Then the diagonal derivations 

/i(Zi) = 0, h{Zi) = Z u 2<*<n-l, h(Z n ) = 2Z n 

f 2 (Z 1 ) = Z u f 2 {Z i ) = {i-2)Z i , 2<i<n-l, / 2 (Z„) = (n - 3)Z„. 

generates a maximal exterior torus of derivations. 

3. Every filiform Lie algebra of rank 1 and dimension n is isomorphic to one 
of the following Lie algebras 
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i) A k n (Ai, .., A t _i) , t = [=|±i] , 2 < fc < n - 3 

[Y 1 ,Y i \=Y i+1 , i = 2,...,n-l 
[Y, y i+1 ] = Ai-iFai+fe-i , 2 < i < i 
[Y, Yj] = a l0 Y l+3+k - 2 , 2<i<j i + j + k-2<n 

ii) B£ (Ai, A t _i) n = 2m ,t = [2f*] , 2 < k < n - 3 
' [Y 1 ,Y i \=Y i+1 i = 2,...,n-2 

( [r l ,r„_ l+1 ] = (-i)^ +1 r , » = 2,...,n-i 

[F,F+i] = Aj_iY2j+fc_i , i = 2,...,t 
k [YuYj] =a ij y i+j _ i _ 2 , 2<i,j<n-2,i + i + fc-2<n-2, + l 

iii) C„ (Ai, A t ) , n = 2m + 2 , t = m — 1 
[Y 1 ,Y i ]=Y i+1 i = 2,...,n-2 

[y i ,K n _ i+1 ] = (-i);- 1 y„ , i = 2,...m + i 
y„_j_2fe+i] = (— i) AfeY„ 

The non defined brackets are equal to zero. In this theorem, [x] denotes the 
integer part of x and (Ai, A t ) are non simultaneously vanishing parameters 
satisfying polynomial equations associated to the Jacobi conditions. Moreover, 
the constants satisfy 

0>ij = Q-ij+l + a i+l,j 

and a ii+ i = A,_i. 

We can easily see that the filiform algebra L n , Q n or of type A n or B n admit 
regular derivations. Then they admits affine structure. Let us consider the case 
C". This algebra is of rank 1. The exterior torus of derivation is generated by 

f(Y 1 )=0,f(Y i )=Y i , i = 2,...,n-l, f(Y n ) = 2Y n . 

Thus every derivation is singular. 

Lemma 3.2 The restriction of the derivation f to the derived subalgebra D(q) 
is a regular derivation of D(q). 

Let us consider a vectorial endomorphism g of g which leaves invariant D(q), 
and such that the restriction to D(g) satisfies / o g = Id. Then the bilinear 
mapping given by 

Vx = g o adX o f. 
defines an affine structure on C n . In fact 

Vx(Y) - V Y (X) = g o adX o f(Y) - g o adY o f(X) = g{f[X,Y]) 

because / is a derivation. As g = f^ 1 on the derived subalgebra, we can deduce 

Vx(Y)-V Y (X) = [X,Y]. 
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In the some way 

V X W Y (Z) - V Y V X (Z) = g[X, [Y, f(Z)}} - g[Y, [X, f(Z)}} = -g[f(Z), [X, Y}} 
Then 

VxVy(Z) - VrV x (Z) = V [XX] (Z) 
This proves the theorem. 

4 A theorem of existence of affine structure 

The previous proof gives the following result 

Theorem 4.1 Let q be a nilpotent Lie algebra admitting a derivation of which 
restriction to the derived subalgebra is regular. Then this algebra admits an 
affine structure 
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